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$0. INTRODUCTION 
LET (G, (b, HS”) be a differentiable action of a compact, connected Lie group G on a compact, 
differentiable n-manifold HS” having integral cohomology isomorphic to that of the standard 
sphere. We shall assume that the action is almost effective (meaning that there is at most a 
finite subgroup of G which fixes every element) and that the rank of G is at least 2. For 
.r E HS". G, is the subgroup of G leaving I fixed and G(x) = {g.ulg E G) the orbit through x 
The point x lies on a principal orbit if G(x) is of maximal dimension and G, has a minimal 
number of components. If x lies on a principal orbit, the co-dimension of G(x) in HS" will . 
be called the cohomogeneity of 4 and will be denoted by r(4). 
By using a theorem of A. Bore1 it is possible to define a collection S(4) of linear func- 
tionals on the (real) Lie algebra of a maximal torus of G, as in [12]. S(4) is called the 
connected weight system, or CM-system, of q5 and can be thought of as a substitute for the 
(linear) weight system of a representation of G at a fixed point. We shall say that a real 
linear representation y of G is a linear model for $ if S(y) = S(4). 
In part one of this paper we review the definition and properties of cw-systems and 
formulate a general program for determining the existence of linear models. We prove here 
that if 4 has a linear model y. then r(4) = r(u). 
In $2, we show that if rank G 2 12 and r(4) = 1, then 4 has a linear model. The 
restriction on rank G is due primarily to the fact that one of the deficiencies of the program 
in $1 is that it gives fairly little insight into the behavior of groups of rank two or three. 
With this in mind, we have also restricted the rank of G in such a way as to avoid a great 
deal of case-by-case argument. It follows from this theorem that if r(4) = 1 then has 
linear representation by which it acts with cohomogeneity one on the unit sphere in its 
representation space. A partial listing of such groups and representations, as well as methods 
of computation in the linear case, may be found in [ll]. 
If G acts on HS" with r(4) = 0. then by [2] HS" is simply connected or n = 3, rank G 
= I, and HS" is the Poincare sphere. Hence, for n # I, 3, HS" is the standard sphere 
and the action of G is linear. See [j] for references. 
i During preparation of this paper, the author was partially supported by National Science Foundation 
Grants GP-29697 and SD GU-3171. 
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If HS" is simply connected and r(q) = 1. then the methods of H. C. Wang [13] apply 
and. generally speaking. give more information about possible isotropy subgroups in this 
case than our linear model theorem. as would be expected. It is known that W’ang‘s COG- 
elusion that such actions must be linear in the case where HS" = S". n odd and greater than 
31 or even and # 4. is incorrect. See [-I]. for example. 
31. DEFLUITION .GD PROPERTIES OF cw-SYSTE\IS 
Let (T, 4, HS") be a differentiable action of a torus T of rank >= 2 on an HS". If 
K is a connected subgroup of T. L?(K) denotes the (real) Lie algebra of. F(K) the fixed 
point set of K and dF(K) the dimension of F(K), with dF(K) = - 1 if F(K) = @. If 
H = 2'(K), we will write F(H) (resp. df(H)) in place of f(K) (resp. dF(K)) vvhen there is 
no danger of confusion. We assume there is some fixed product L?'(T). which 
an between and of Y(T). 
a subset S(4), let us a P(T) special 
it is the Lie of K of with dF(K) > df(T). 
The set of special hyperplanes determines a set 
(+-z] ker r special, l/z11 = 11, 
The set S(4) will be this set. with the convention that the pair Cr is included with multi- 
plicity _t(dF(H,) - dF(T)), where H, = ker r. and the zero function is included in S(4) 
with multiplicity dF(T) + I. We set S’(4) = {z E S(4)] Y # Oj-. According to [12], the total 
number of elements of S(4) is n + I. S(4) will be called the connected weight system (or 
cb+system) of the action 4, and the elements in S(4) will be called connected weights (or 
c-weights). If 4 is a real linear representation of T on the standard sphere S”, it follows from 
[12] that S(4) is the usual linear weight system of 4.1((b), in which the weights are normalized 
to unit length. 
Now let rl E S’(4) and fix H = H,. According to [ 121, some multiple of each b E S’(4) 
will restrict to a weight in the local linear representation of the corresponding subtorus at a 
fixed point. S,(g) will be used to denote S(4) with this (non-unique) assignment of multiples 
and will be called a local realization for 9 at H. 
If (G, C#I. HS") is a differentiable action of a compact, connected Lie group G of rank 
1 2, we define S(4) = S(41 T), where T is a maximal torus of G. If 7 is a real linear 
representation of G and S(y) = S(4) (resp. S’(y) = S’(g)) then 7 will be called a linear model 
(resp. weak linear model) for 4. If, for some r E S’(4) with H = H, there is a choice of 
lengths for S,(4) such that S,(b) = Z(y) = the linear weight system of 7, then 7 will be 
called a local linear model for 4. 
Remark. If G is abelian, then any G action has a linear model. Also note that, in 
general S(y) does not determine y. For example, let G = SO(n), n odd, and let p. be the 
standard representation of G. Then p, OR p. = Ad, 0 $ and S(Ad, 0 p,) = S($). We shall 
show later (I. 13) that S’(4) determines the dimension and the rank of the principal isotropy 
subgroup (dim H, = 0 in this example). 
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Now let (G, 4. HS”) be a differentiable action. Write G = G, x ... x G, where each 
Gi is a normal subgroup of G. 
Dejinirion. Let K be a subgroup of G and let P = {i,, . ij) be a subset of the integers 
1 through k. Let i : Gi, x ... x Gil -+ G, x ... x G, be the standard inclusion. If j is the 
smallest integer for which K” 4 i(Gi, . G,,), P will be called the position of K and j the 
widrh of K with respect to the given decomposition of G. We denote i(Gi, x ... x Gil) 
by Gp. If T is a maximal torus of G, Y(T) = Y(T,) 0.. @ Y(T,) and this induces a 
similar decomposition on the dual space Y*(T), in which Y*(Ti) is naturally included. 
Thus, z E Y*(T) can be written as r = ri, + ... + ri, where 0 # zil. E _Y*(T;J. We shall call 
j the width and the set P(r) = (i, ... ij} the position of ~1. We shall denote H, n _Y’(TP) 
by RH,; RH, is therefore the hyperplane in Y(T,) which is the kernel of the restriction of 
z to P(TJ. 
We shall say that 4 splits with respect to a given decomposition of G if each c-weight 
has width one in that decomposition. 
Let C = G, x ... x Gk be a decomposition of G and suppose that there is a c-weight r 
whose width is less than k and whose position is not properly contained in the position of 
any other c-weight. If P is the position of I and Q the complement of P, then G, acts 
naturally on F(To) and this action will be called a cw-component of the action 4. It is not 
difficult to see (cf. 1.6) that the cw-system of this action is the set 
S,(4) = V E S(4) I P(P) = fW or B = 01 
restricted to _Y(TP). Under these circumstances, the set S,(4) will be called a cw-component 
of S(4). If S(4) can be written as a union of components, 4 will be called cw-reducible with 
respect to the given decomposition of G; otherwise 4 will be called cw-irreducible. A 
c-weight is called degenerate if it appears in more than one cw-component of S(4). It follows 
that all zero weights of a cw-reducible action are degenerate. 
Before proceeding with further properties of cw-systems. consider the following 
examples of linear G actions: 
Example 1. G = SO(n), y = 2p,. H, = SO(n - 2) r(y) = 2. y is cw-irreducible. Differ- 
entiable actions 4 with S(4) = S(y) have been completely classified [3, 61. 
Example 2. G = SO(n) x SO(m) x SO(I), y = p, + p, + pl. r(y) = 2. y splits with 
respect to this decomposition (and hence is cw-reducible). 
Example 3. G = S,(n) x S,(m) x S,(I) x S,(l) 7 = vnaQ~i + v, aQpl + vi @JQv,. 
r(y) = 2. ‘/ is cw-reducible; the weights have width 2 and positions (1, 4}, (2, 4}, (3, 4). 
Example 4. G = S(U(n) x U(2)) y = [u, @,uJw r(y) = 1. y is cw-irreducible with 
respect to the (local) decomposition of G as SU(n) x SL/(2) x S’. 
Example 5. G = Sp(1) x Sp(1) y = 4, BP v, Z(y) = {AZ * /3, +3r _t j\Zz, 2p roots 
of G}. H.,” = (e) r(y) = 1. 
1.1. The viewpoint of [12] carries over directly to the case where (G, q5, HS”) is a 
differentiable action of a compact connected Lie group of rank at least 2. In particular if 
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G = G, x ... x Gk then S(b) is symmetric under the W’eyl group of G. I+;, which acts on 
2’*(T) as the direct sum of the groups IC,, If K is a connected subgroup of T. F(K) # @ 
if and only if K 5 ker r for some I E S(4) and dF(K) + 1 is the order of :Z E S(4) / K 5 ker 2). 
If 41 K denotes the induced action of K on HS”. then, if rank K 1 2, S(4 / K) is the restric- 
tion of S(4) to 2?(K). A connected subgroup of T acts trivially on HS” if and only if it is 
contained in the kernel of each c-weight in S(g). For x E HS”. $I, will denote the local rep- 
resentation of G, at x. If K is a maximal torus of G, and if K 2 T. then S(b, + 0) is the 
restriction of S(4) to Y(K). If S’(4) n S’(Ad,) = @ and .Y E F(T) # $3, then x E F(G). 
The representation 4, splits into tangential and normal components, 4, = L’, + r,; T, = 
Wilcx- Ad,*. 
1.2. Let G be as in 1.1 and denote by G,,r the isotropy subgroup of the induced action 
of Gi on HS”. G,, is a normal subgroup of G, and is the largest subgroup of Gi contained 
in G,. If x E F(T) # 0, then G,” is locally isomorphic to the product Grx“ x ... x Gkx”. If 
F(T) = 0, let TV E S’(4) and x E F(H,); then G,” is locally isomorphic to Glxo x ... x Gk.=" 
x K, where K, is the product of r rank one groups. We have r = (Z,rkG, - rkGix) - 1 
and rkG, - rkG,, = 1 if i is in the position of x, and is zero otherwise. The restriction of 
v, to Gi, is equivalent to vir, modulo trivial copies. 
If C#J splits with respect to the given decomposition. then each isotropy subgroup G,,’ 
decomposes as G,yo x . x Gk,“. as may be seen from the argument of [9]. 
1.3. It follows directly from 1.1 that if .K E P(T,) # 0 and if there are no c-roots in 
position i, then x E F(G,) # 0. If x E F(T) # 0 and if (b does not split, then V, is almost 
effective; if F(T) = 0 and I E F(H,) for z E S’(4). then the position of the connected kernel 
of vr is contained in the position of II. 
1.4. Recall that a connected subgroup of T is regular if it is not contained in the 
kernel of any root of G. We shall call a non-zero c-weight I regular (respectively. singular) 
if the subtorus corresponding to H, is a regular (respectively, singular) subgroup of T. Note 
that if L is any connected, regular subgroup of T and s E F(L) # 0, then rank G, = rank L. 
Also note that if Y E S’(4) and width z 2 1, then ZY is regular. 
If H is any hyperplane in P’(T), then the restriction of S’(Ad,) to H contains non-zero 
multiplicities of at most 4. It follows that if S’(+) contains non-zero multiplicities greater 
than 4, then the co-rank of H, is at least 2. If Y E S’(+) and width Y 2 2 and if multiplicity 
z 2 2. a similar argument shows that no co-rank ons isotropy subgroup can be principal. 
1.5. If K. L are any two subgroups of T conjugate in G, they are conjugate via an 
element of G which normalizes T. It follows from this that, if F(T) = 0, the number of 
singular orbit types of G on HS” is at least as large as the number of I+‘, orbit types on S(4). 
If F(T) # 0, then the number of singular G orbit types is at least as large as the number of 
IV, orbit types of the form IVY where IL is regular in S’(6). A similar observation for 
singular elements of S’(4) with multiplicity one will follow from 1.10, 1.11. 
1.6. Let K be a connected subgroup of T and suppose F(K) # 0. Let N(K; G) be 
the normalizer of K in G and denote the quotient :V(K: G)/K (resp. N”(K, G)/K) by N(K) 
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(resp. IV”(K)). N”(K) acts naturally on F(K) and the c-weights of this action are the re- 
strictions to 4”(T,) of those c-weights which vanish on Y(K). 
1.7. The natural map F(K)/N” - HS”/G is finite-to-one. where K. N” are as in 1.6. 
Indeed, it is sufficient to show that the map F(K),“h + HS”;‘G is finite-to-one. To see this. 
suppose that x E F(K) and let g E G be such that 9-y E F(K). It is not difficult to see that 
g_r = nr~.r where n E N(K) and w E IV,, which proves our observation. 
If we denote the action of N”(K) on F(K) by y, a standard result in dimension theory 
implies that r(y) 5 r(4). By using 1.4. we will often be able to choose K in such a way that 
F(K) contains no points lying on principal G orbits, in which case we shall have r(g) < r(4). 
1.8. If G is abelian and < is a linear representation of G, then zero weights in Z(t) 
represent trivial copies; that is, dF(G, S”) + 1 is just the number of zero weights in E(i). Of 
course, if G is not abelian this may not be the case, but it is not difficult to see that this is 
due entirely to the presence of roots in Z’(t). Indeed, if there are no roots of G in I’(<), then 
dF(T) = dF(G), as is implied by 1.1. Conversely, if G = SO(3) and C’(t) contains a root 
of G, then it follows from the representation theory of SO(3) that dF(G) < dF(T) and this 
fact implies our assertion for arbitrary (non-abelian) G. 
The implications of this are as follows. Turning again to differentiable actions of G, let 
K be a connected subgroup of T with F(K) # 0. Let X = {GXol_~ E F(K), rank G,” 
= rank K). If X # 0, then by the above observation there is an x E F(K) with the 
property that Cv, contains no non-zero roots of G,“. If S, is a slice at such an I, we have 
dF(G,“, \‘x, S,) = dF(K, v,, S,) and these dimensions are limited by r(q5) = dim HS”/G. 
On the other hand, dF(K, v,, S,) can be computed from S(4) and the rank of K. The formula 
is:dF(K,vt,X,S,)=l-s- 1 where I is the total number of c-weights in S(4) which vanish 
on P(K) and s is the co-rank of K. 
1.9. If there is a decomposition of G in which each component of 4 has a linear model, 
and if there are no degenerate c-weights in this decomposition, it is not difficult to see that 
4 itself has a linear model. The situation is by no means so simple when there are degenerate 
weights. The next three observations give some insight as far as zero weights are concerned. 
1.10 hV.-Y. Hsiang]. Let (G, I$, HSK) be a differentiable action of SO(3) on an HSk, 
k 2 3, and suppose that dF(T) = k - 2, T a maximal torus of SO(3). Then by using methods - 
similar to those of [j], it follows that q!~ has only orbits of S2-type and fixed points. This 
implies that, if S, E G represents.a generator of IV,, F(S, HSK) = F(G, HS’) is a co-dimension 
3 submanifold of USE;. 
1.11. Now let (G, q5, US”) be a differentiable action of a semi-simple group G of rank 
13 on an HS”. Suppose that S’(4) = S’(Ad,). It follows from [l?] that H,” - T and that 
r(4) = dF(T), SO that dF(T) 2 1, dF(H,) 2 3, dF(H,) - dF(T) = 2. Let S, E G represent 
that element of CV, which is reflection through H,, CI E S’(4) = S’(Ad,). The natural action 
of N”(H,) - SO(3), on F(H,) satisfies the hypothesis of 1.10 and it follows that F(S,, f(T)) = 
F(S,, F(H,)) = F(S0(3),. F(H,)) is a codimension one submanifold of F(T). 
If (~~11 s i 5 rank G} is the set of simple roots of G with respect to some ordering of 
the roots of G, then {S,,] 1 s i 2 rank G} generates W, and no proper subset of this set 
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generates l4.c. If the natural action of CVG on f(T) is eflectire then the results of 
[S; Theorem 31 apply to show that S(4) contains at least rank G zero weights. Although we 
are unable to show that this IV, action is effective in general. the following argument will be 
suffic,ient for our purposes. 
Let G be semi-simple of rank >= 3 and suppose S’(4) = S’(Ad,) so that df(-T) 2 1. Let 
WC denote the quotient of IV, by the ineffective kernel of the IVG action on F(T). If S E Wo, 
let S denote its image in vG. It follows from 1.10 that none of the elements S,, act trivially 
on F(T). 1 6 i 2 rank G. If S,,.Y?,~ acts trivially, i #j, then S,, and SXj have a common 
fixed point. The linear action of S,, in a neighborhood of this point is a (linear) reflection 
and it follows that if S,, S,, acts trivially on F(T) then it acts trivially in a neighborhood of 
the fixed point, which is impossible. If Pi, j (resp. Pi, j) denotes the order of S,, S,, (resp. 
S,, Szj) in K’, (resp. iT;‘,), then Pi., divides Pij and Pij # I. It is well known that Pi, = 2, 3.4, 6 
according to the cases whereby the vertex xi is joined to the vertex 1, by 0, I, 2 or 3 lines 
in the Dynkin diagram for G. It is easy to check now that vc cannot be generated by 
fewer than three S,, so that dF(T) 2 2. 
1.12. The above viewpoint can be used to show the existence of zero weights under 
more general circumstances. In particular, let G = G, x ... x G, x ZG be a decomposition 
of G where Gi is simple and ZG is abelian. Suppose that S’(4) n S’(Ad,) # 0 and let 
D c S’(4) n S’(Ad,) satisfy the following: 
(i) if x E S’(Ad,,) and rl E D then D n S’(Ad,,) =(Y) and S’(4) n S’(Ad,,) = {+a} 
(without multiplicity). 
(ii) if 2, p E D. then there is no err-component of S(4) which contains both r and b. Let 
Q = {i( 1 5 i 5 k, D n S’(Ad,,) = ,@}; let K = n RH,; let T’ = K x T, x ZG; denote the 
IED 
natural action of PY(~‘) on F(T’) by 15. Then N”(T’) = n S0(3), and S’(j) = S’(Ad,), 
ZED 
where L = N”(T’). Now if the order of D is at least 3, then 1.11 applies to show S(a), and 
hence S(4), contains at least 3 zero weights. 
THEOREM I .13. Let (G, c#J~, HS,) i = 1, 2 be differentiable actions of the grollp G of 
rank 2 2 on integral cohomology spheres HS, . If S’(C$,) = S’(C#I~) then the principal isotropy 
subgroups of q5, and $2 hate the same connected root system and hence the same dimen- 
sion and the same rank. 
Proof. If L is any subgroup of G, F,(L) i = 1, 2 will denote F(F(L, HS,), the fixed 
point set of 9 on HSi. When points xi E HSi are understood. Ji will denote the isotropy 
subgroup at Xi, Ai the root system of Ji and vi the normal representation of Ji at xi. 
To prove 1.13, we first claim that there are points x, E HS, such that rank J, = rank Jz . 
This will certainly be the case if the F,(T) are either both empty or both non-empty, 
where T is a maximal torus of G, so suppose that F,(T) # 0 and F,(T) = 0. If S’(4J n 
S’(Ad,) = 0, then G has a fixed point in F,(T) and the local representation of G at this 
point has a co-rank one isotropy subgroup. If S’(C$,) contains a c-root with multiplicity one, 
then F2(T) #a. If S’(b,) contains a c-root with multiplicity greater than one, 4i has a 
co-rank one isotropy subgroup. This establishes our claim. 
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Now let K be any connected subgroup of T such that both actions have isotropy sub- 
groups of rank the same as K. Choose _ri E F*(K) so that the corresponding isotropy sub 
groups Ji have rank the same as K and so that the weight systems of the corresponding 
normal representations vi contain no non-zero roots of Ji. as can be done by 1.8. Note 
that K is a maximal torus of each Ji and that the isotropy subgroups of each vi are either 
equal to Ji or are co-rank one in Ji. 
We now show, for the _yi chosen above, that if vi is trivial, so is Y?. Since the cw- 
systems of the isotropy representations at xi are equal, it follows trom 1.1 that: 
+ S’(Adc) 1 K - S’(vJ = S’(rz) + S’(Ad,)] K - S’(Az). 
Since vI is assumed to be trivial. the above equation implies that S’(vJ is a subset of 
S’(A,). Hence, if v2 is not trivial. X’(V~) contains some multiple of a root of J, without 
multiplicity. But it is a general fact in representation theory that any real linear representa- 
tion that contains a multiple of a root either contains roots or multiplicities. Since neither 
of these can occur, v2 must be trivial. 
The symmetry of the above argument shows that the principal isotropy subgroups 
have the same rank. If xi are chosen to lie on principal pi orbits and ri denotes the tangential 
representation of Ji at xi, then S’(r,) = S’(r,) and this clearly implies that J, and J, have 
the same connected root system. 
The following theorem generalizes 3.1 of [12]. 
THEOREM 1.15. Let (G, I$, HS”) be a d@erentiable action of a compact, connected Lie 
group G of rank 2 3 on HS”. If 4 has a local linear model, 7, then H,” = H,“. 
Prooj G acts on the real sphere S” via y and if K is any connected subgroup of T, 
then dF(K, HS”) = dF(K, S”). If F((T) = 0, there is by definition an element E E S’(4) with 
the property that C’bi)j H, is the system of non-zero weights of 4,, x E F(H,, HS”). We 
may choose x E F(H,) so that C’(v,) contains no non-zero roots of G,. If F(T) # 0, 
choose x E F(T, HS”) with the same property. In either case, the restriction of y to G, con- 
tains a trivial copy and hence G, is a maximal rank subgroup of G, for somey E S”; we may 
assume that G, has the least dimension of all y isotropy subgroups containing G,. As in 
[12], G, acts on the y-slice S, at y via vY) G,, and it follows from the splitting of 1.1 that 
wy/G, = v, + Ad,yIG, -Ad,=. 
If G, is a proper subgroup of G, , ’ it follows that C’(v,) contains non-zero roots of G,. If K 
is a maximal torus of G, (and hence a!so of G,), and if dF(G,, vy. S,) = k. it follows from 
1.8 that dF(K, vY, S,) = k + r, r 2 1. It follows from the splitting of v,,] G, that 
dF(G, > vY IG, , S,,) = k + r, and hence there is Z E F(G, , vY 1 G, , S,) which is not fixed by 
G,“. Since Z E S,, G, is a proper subgroup of G,“. and this contradicts the choice of y and 
completes the proof. 
$2. EXISTENCE OF LINEAR MODELS 
We show in this section that if (G, 4, US”) is a differentiable action with rank G 2 12 
and r($) = 1, then 4 has a linear model. 
The general procedure is this. Suppose. for example that it is known that all actions of 
cohomogeneity 5 X- have linear models and C$ is an action pith r(4) = X- + 1. If C$ is CW- 
reducible in such a way that each of the components has cohomogeneitv I k and there are 
no degenerate weights. then 4 has a linear model which is just the direct sum of the linear 
models for each of the components. The purpose of this section. then. is to treat the remain- 
ing cases when r(4) = I. 
The arguments here are applications of the general observations of $1 to specific weight 
patterns which may occur. The reader may find it useful in keeping track of these arguments 
to write a diagram vvhich shows the weight pattern relative to a certain decomposition of G. 
Thus bP* 9 may be used to indicate a decomposition of G as G, x G2 x G3 in 
which the Zt,-orbits of c-weights have positions {l . 21 (2:, and 12, 31. the l indicating the .
position (2) orbit. This would be a cu-reducible action, the components being the action of 
G, x G2 on the fixed point set of a maximal torus of G, (having weight pattern 6-4) 
and the action of Gz x G, on the fixed point set of a maximal torus of G, (having weight 
pattern e-6). Note that, in this example. the weights in position 12) (and any zero 
weights) are degenerate. If the action corresponding to this vveight pattern has cohomogeneity 
k + 1. observe that each of the components must have cohomogeneity k. since the fixed point 
sets of the maximal tori of Gi (i = 1, 3) cannot contain points lying on principal G orbits. If 
k = 0, we may consult a list of those groups acting transitively on the sphere, such as that in 
[j], to see that this example is impossible. If k = 1 there are two problems with this type of 
example, the first being that the components may be of such low rank that no information 
on linear models is directly available and second, the degenerate weights in position {2}. One 
can in fact argue on a case by case basis to produce linear models for reasonably large classes 
of cohomogeneity two actions. Since these arguments are neither complete nor illuminating, 
we will confine our attention to cohomogeneity one actions. 
THEOREM 2.1. Let (G, (p, HS”) be a diflerentiable action of a compact, connected Lie 
group G of rank 1 12 on an integral cohornolog! rl-sphere HS” and ivith r(4) = 1. Then 4 has 
a litlear model. 
The proof of 2.1 will consist of the following series of lemmas. Unless stated otherwise, 
we assume that (G, I$, HS”) satisfies the hypothesis of 2.1. We first summarize the results 
of [12]. 
LEMMA 2.2. I_G is simple. then 4 has a linear model. 
Proof. It was proven in [l?] that if rank G 2 I1 then C$ has a weak linear model, so 
that only the question of zero weights remains. If S’(a) = S’(Ad,) then 1.8 and 1.1 I apply. 
The only other case is G = SO(R), n odd, and S’(4) = S’(kp,). The isotropy subgroups of 
this action are connected and the argument usin, u the Z2-version of the Bore1 formula of 
[6; p. 7501 applies to show that S(4) contains at least k zero weights. 
2.3. Let (G, 4. HS”) be a differentiable action of a simple group G (of any rank) and 
suppose dim H, > 0. If F(T, HS”) # 0. then computations with S’(4) are analogous 
to those that occur in the study of G actions on acyclic spaces. Indeed, it follows from the 
methods of [7] that in the case stated above. Q has a weak linear model or G = Spin(l l), 
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S’(b) = S’(C,, -+- /pi,). Using 1.11 it is not difficult to see that if I$ has a weak linear model 
and r(4) = I. then C#I has a linear model. 
LEMMA 2.4. Let (G. 4, HS”) be as in 2.1 and suppose that G = G, x R. G, simple and 
rank R = 1. If C$ is cbc+rreducible, then Q has a linear model. 
Proof. If +i denotes the restriction of C#I to G,. it follows from the proof of 2.2 that 4, 
has a weak linear model. If R is abelian. it follows from the proof of 1.7 that r(q5,) 5 2. It 
follows that S(4) = S(p 0 y) where p is the standard representation of the classical group 
G, and 7 is a suitable representation of R = S’. 
If R is non-abelian. let 0 + p E S’(4). Denote the action of N’(RH,) on F(RH,J by 5. 
It follows from 1.7 that r(t) 5 1 and hence 0 is not a c-root of G,. From here it is not 
difficult to see that the only possibility is G = .SU(n) x SU(2) and S(4) = { L-Bi + I / 1 6 i 2 n, 
23 E Asucz,}. 
LEMMA 2.5. Under the hypothesis of 2.1, suppose that G = G, x Tk br,here G, is semi- 
simple and Tk is a torus of rank k. Then k 5 1 or $ has a linear model. 
Proof. Suppose that k 2 2. If 4 splits with respect to this decomposition, then G, 
acts with cohomogeneity zero on the fixed point set of Tk and there is a linear model in this 
case. If 4 does not split, let CY + fi E S’(4). Since k 2 2, N”(RH,) - G, x S’ acts with 
cohomogeneity zero on F(RH,) and hence has a linear model 4a. One observes that all of 
the c-weights of 4a have width two in the decomposition G, x S’. If Tk has fixed points, 
the action of G, on F(Tk) also has a linear model for the same reason as above. If there are 
weights in position (2) with respect to G = G, x Tk, they automatically have a linear model. 
The clv-system of the G-action is thus represented as a union of c-weight of linear represen- 
tations of G and so has a linear model. 
LEMMA 2.6. Let G = G, x ... x Gk where Gi is either simple or abelian of rank one, 
1 5 i 5 k. If $ is cw-irreducible with respect to this decomposition, then C#J has a linear model. 
Proof: Assume that dim G, 2 dim Gi+,. It follows from 2.5 that we may also assume 
that the dimension of the center of G is at most one. Since C#J is cw-irreducible, there is a 
c-weight z, + . . . + rli, yi # 0 1 5 i 5 k, in S’(4). If p = 2k-i + s(~, then N”(RH,) - 
G, x ... x G,_, x L (rank L = 1) acts effectively on F(RH,) with cohomogeneity zero, 
so k is at most three. This also pretty much pins down the cw-systems involved. In the event 
that k = 3, the only case which can occur is where G, S(4) are as in Example 4 of $1. This 
may be seen by considering the action of N”(RH,) -L x Gz x G, c/ = c1,, rank L = 2) on 
F(RH,). An examination of the possible crc-systems involved shows that F(RH.,) cannot 
contain points lying on principal G-orbits. This means that the action of N”(RH,) is in- 
effective, from which we deduce that the rank one group L is abelian, which in turn implies 
that ri is not a c-root of G,. Hence G, = .SU(/z). The assumptions mentioned at the beginning 
of the proof, and the ineffectiveness of the N”(RH,) action imply that G, is abelian of rank 
one. Similar reasoning shows that Gz - SU(I). A routine computation of the principal 
isotropy subgroup shows that 1 = 2. 
If G = G, x G,, we may assume rank G, 2 2 and that G is semi-simple. The method 
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just sketched above shows that the only possibility in this case is G = Sp(n) x Sp(2). S(4) = 
LEMH.~ 2.7. If C/I is cw-reducible but does not split then q!~ has a linear model. 
Proof. Each cbr’-component has cohomogeneity zero and hence there are no degenerate 
weights. The result follows from 1.9. 
LEMMA 2.8. Let G = G, x Gz andsuppose that 4 splits rc.ith respect to this decomposition, 
Then 4 has a linear model. 
Proof. Let ;ri denote maximal tori of Gi. i = 1, 2. and T = T, x T2 a maximal torus of 
G. Let r, (resp. r2) be the cohomogeneity of the action of G, (resp. Gz) on F(r,) (resp. 
F(r,)). and d = dF(T). A simple counting argument shows that r, + rz. = 1 + d, so that if 
F(T) = 0, we are done. We always have d 5 1 and we discuss the cases d = 1, 0 separately. 
if d = I, it follows from our previous remarks that H, is of maximal rank in G. G 
thus cannot have a connected center and we rewrite G - L, x . . x Lk. where Li are simple, 
normal subgroups of G. S(#J) splits with respect to this decomposition and each Li actson the 
fixed point set of the complementary torus with cohomogeneity one and dF(Ti) = 1 (ri 
denoting here a maximal torus of Li). It follows from 2.3 that each such Li action has a 
linear model and we need only show that S(4) contains enough zero weights. If Li # F4 
for any i, 15 is k, this follows from 1.11, 1.12. If L, = F4 for somej, use 1.10 and the 
fact that, since r(4) = 1, G has at most three orbit types. 
Now return to the decomposition G = G, x Gz and suppose that (i = 0. We have rl 
+ rz = 1, so suppose that rz = 0. It follows that G2 is simple and the cw-system of the G, 
action on F(7’,) contains a c-root of Gz . If 7 denotes the action of G, on F(i”J, we claim that 
S’(y) n S’(Ad,) = 0, from which it will follow that the zero weight in S(y) represents a 
trivial copy and we will be done. It follows from 1.12 that if S(y) contains roots, they occur 
with multiplicity greater than one. This implies that G, is simple and by 2.3 we need only 
check the case where G, = Spin(l I), S(4) = S(V,, = 1~~~) 12 2. But in this case, the 
co-rank of H, in G, is at least 2 and we are done. 
This completes the proofs of 2.8 and 2.1. 
2.9. We list here some problems which, we feel. must be solved before continuing 
with more general theorems than 2.1. 
Problem 1. If S’(4) = S’(Ad,) and G is semi-simple, then S(4) should contain at least 
rank G zero weights. 
Problem 2. If G is simple and dim H, > 0. does 4 have a linear model? Essentially 
the only technique used on this problem so far, the counting argument of [12], fails when 
rank G 5 8. 
Problem 3. The methods of part one of this paper do not work when rank G is small. 
For example, if G = Sp( 1) x Sp(1) and r(q5) = 1, d oes C+?I have a linear model? For example, 
see Example 5 of $1. The following viewpoint may be worth noting. If (G. 4, HS”) equi- 
variantly imbeds in a linear G action (G. $, S”), then it is not difficult to see that S(4) 
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c S(i). If I$ fails to have a linear model, this establishes a minimal codimension for any 
equivariant imbedding. 
Added in Revision 
An alternate method of proving Theorem 1.13 may be found in the paper “ On the 
splitting principle and the geometric weight system of topological transformation groups” 
by W. Y. Hsiang. Theorem 8 [Proceedings of the Second Conference on Compact Transfor- 
mation Groups. Part I. Lecture Notes in Mathematics No. 298. Springer, Berlin (1972)]. 
However, the proofs given for the corollaries to Theorem 8 are insufficient, it not being 
possible to conclude that two Lie groups having the same connected root system are iso- 
morphic. Further insight into problem 2 above is also given in Theorem 9’ of this same 
paper. 
We would like to thank the Referee for making several suggestions which were useful 
in preparing the present version of this paper. 
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